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Abstract The validity of nutrient use e�ciency as a
central concept in ecosystem ecology has recently been
subject to challenge based upon arguments over auto-
correlation of data, interpretation of graphical ap-
proaches, and appropriate statistical analyses. Much of
the confusion on the measurement and interpretation of
nutrient use e�ciency results from the lack of a sound
theoretical basis with which to examine experimental
results. In this paper, we develop a theory of nutrient
use e�ciency based upon fundamental mass balance,
present a graphical approach to appropriate testing of
alternative hypotheses to avoid problems of autocorre-
lation in data, and suggest critical areas where experi-
ments must be performed to distinguish among
hypotheses. We show that nutrient use e�ciency (pro-
duction per unit nutrient uptake) must be distinguished
from nutrient response e�ciency (production per unit
nutrient available). In contrast to the monotonic in-
crease of nutrient use e�ciency with decreasing nutrient
availability originally proposed in the 1982 model of
P.M. Vitousek, nutrient response e�ciency is unimodal
with maximum e�ciency at intermediate levels of
nutrient availability. However, nutrient use e�ciency
dynamics at low nutrient availability cannot yet be
theoretically de®ned. We also show theoretically which
plant traits control responses of ecosystem nutrient use
or nutrient response e�ciency along gradients of
nutrient availability. Finally, we show how our model
naturally leads to species replacement along nutrient
availability gradients.

Key words Nutrient use e�ciency á Nutrient response
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Introduction

Nutrient use e�ciency emerged as a central concept in
ecosystem ecology with the work of Vitousek (1982,
1984), which de®ned it as net primary production per
unit nutrient uptake or resource acquired by vegetation.
Because of a general lack of comprehensive data, Vito-
usek (1982, 1984), as well as ourselves (Bridgham et al.
1995) and many others, used litterfall and its nutrient
content as surrogate measures for net primary produc-
tion and nutrient uptake, respectively. Vitousek then
operationally de®ned nutrient use e�ciency as annual
litterfall/nutrient content of litterfall and graphed it
against the nutrient content of litterfall on the x-axis to
see how e�ciency changes with nutrient uptake by
vegetation. Because plant nutrient uptake in ecosystems
is characteristically proportional to soil nutrient avail-
ability, the x-axis is also generally interpreted as
re¯ecting a gradient of nutrient availability. Vitousek
(1982, 1984) provided data suggesting that nutrient use
e�ciency increases monotonically as either nutrient
availability or nutrient uptake declines.

These seminal papers used exploratory statistical
analysis to discover patterns in nutrient use e�ciency
along resource availability gradients. As such, these
patterns invite us to present hypotheses for their un-
derlying mechanisms. However, one must be cautious
about drawing conclusions from such analyses. First, the
data are obtained from the literature, and the sites
and measurement methods may have been chosen for
reasons other than examining patterns of nutrient use
e�ciency. There is thus the real possibility of a bias in
the data, particularly with respect to site selection.

Secondly, the various interpretations of what the x-
axis represents raise problems of autocorrelation of the
data, as discussed by Knops et al. (1997) and Vitousek
(1997). The autocorrelation arises because litterfall dry
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mass/litterfall nutrient content is plotted against litterfall
nutrient content, which results in plotting 1/x against x.
This problem does not result solely from the use of lit-
terfall surrogates, as graphing net primary production/
nutrient uptake relative to nutrient uptake still gives rise
to autocorrelation. Problems of autocorrelation in the
use and analysis of ratios are also discussed by Atchley
et al. (1976), Atchley and Anderson (1978), and Packard
and Boardman (1988).

Thirdly, ratios are problematic, because they may
increase unbounded as the denominator goes to zero. In
the case of nutrient use e�ciency, this would lead to
in®nite e�ciency as zero nutrient uptake is approached,
and productivity would be unde®ned when no nutrients
are incorporated into litterfall, clearly a biologically
meaningless result. Therefore, mechanisms must also be
speci®ed that prevent e�ciency from increasing in an
unbounded manner.

Fourthly, there is controversy over how to best
interpret the axes, slope, and intercept of productivity-
nutrient uptake graphs, with various parties deriving
fundamentally opposite conclusions from the same
datasets (Bridgham et al. 1995; Knops et al. 1997;
Vitousek 1997).

Thus, the theoretical underpinnings of one of the
central concepts of ecosystem ecology have become
confounded with problems of how to best graph and
statistically analyze data. Simply gathering more data in
new experiments or the literature will not solve these
problems.

We believe that much of the confusion on the mea-
surement and interpretation of nutrient use e�ciency
results from the lack of a sound theoretical basis with
which to examine empirical results. The purpose of this
paper is to provide a theoretical basis for various mea-
sures of nutrient e�ciency and their behavior along
nutrient availability gradients. This theory partitions
nutrient e�ciency into its various components and
demonstrates their behavior along nutrient availability
gradients while avoiding the problems of autocorrela-
tion raised by Knops et al. (1997) and the problems of
ratios raised by Atchley et al. (1976), Atchley and
Anderson (1978) and Packard and Boardman (1988).

The theory provides a list of mutually exclusive,
a priori hypotheses that distinguish between various
patterns of productivity in relation to nutrient avail-
ability on the one hand and the corresponding e�-
ciency-availability relationships on the other hand.
Statistical analysis can then be used to verify one of the
a priori hypotheses and reject the others, in contrast to
the use of a posteriori exploratory statistics to discover
patterns. We will then show how statistical analyses of
these hypotheses avoid the problems of autocorrelation
discussed by Knops et al. (1997) and Vitousek (1997).
Moreover, we demonstrate that the dynamics of nutri-
ent response e�ciency (production per unit nutrient
available) along nutrient availability gradients must be
considered separately from those of nutrient use
e�ciency (production per unit nutrient uptake). Both

Vitousek (1982, 1984) and Knops et al. (1997) implicitly
assume that the dynamics of these two e�ciency indices
are coincident along fertility gradients, but we demon-
strate that the conclusions of Vitousek (1982, 1984)
about a monotonic increase in nutrient use e�ciency
with decreasing nutrient availability cannot hold for
nutrient response e�ciency. Finally, the theory pin-
points the regions where crucial experiments are re-
quired to distinguish between these mutually exclusive
hypotheses, and also suggests a new hypothesis of the
causes of species replacement along nutrient availability
gradients.

A theoretical approach to nutrient ef®ciency

First, we extend our previous analysis of ecosystem
nutrient e�ciency (Bridgham et al. 1995) to include the
work of Berendse and Aerts (1987), so that we may have
a theoretical foundation from which to view the results
of Knops et al. (1997) and Vitousek (1997). This theo-
retical relationship will also provide a mathematical
de®nition of nutrient response e�ciency with which
to examine its behavior along nutrient availability
gradients without the problem of autocorrelation.

Berendse and Aerts (1987) considered two terms in
deriving nutrient use e�ciency (NUE). The ®rst was the
relative nutrient uptake rate (Ln: g N)1 in the plant -
year)1) for which the inverse is the residence time of
a unit nutrient in the plant. The second term was the
nutrient productivity of the ecosystem (A, units of dry
mass g)1 nutrient uptake year)1 or the rate dry-matter
production (P) per unit nutrient acquired by the plant
(Rac). The concept of nutrient productivity was origi-
nally introduced by AÊ gren (1983). For generality, we use
R to stand for any limiting abiotic resource, although in
this paper we will refer speci®cally to limiting nutrients
unless otherwise speci®ed. Berendse and Aerts (1987)
then de®ned nutrient use e�ciency as:

NUE � A
Ln
� P

Rac
�1�

This equation simply reduces to productivity
(P, g C m)2 year)1) divided by the rate of resource
uptake or acquisition by plants (Rac, g N m)2 year)1).
This equation is ecologically useful because it explicitly
considers tradeo�s between nutrient productivity and
the ability of plants to retain and recycle nutrients
internally.

Combining the previous work of Shaver and Melillo
(1984) and Miller (1979), Bridgham et al. (1995) found
it useful to de®ne two other terms to describe the ef-
®ciency with which nutrients are used for net primary
production. Nutrient response e�ciency (NRE) is the
product of nutrient use e�ciency (P/Rac) and nutrient
uptake e�ciency, which is the proportion of potentially
available nutrients in the environment (Rav, g
nutrient m)2 year)1) that plants actually take up
(Rac/Rav):
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NRE � P
Rav
� P

Rac
� Rac

Rav
� A

Ln
� Rac

Rav
�2�

Thus, nutrient response e�ciency depends on produc-
tivity (P), nutrient productivity (A), the residence time of
the plant nutrient pool (1/Ln), the nutrient uptake rate
(Rac) and the abilities of di�erent plants to compete for
available nutrients (Rac/Rav).

Equations 1, 2 indicate that nutrient response e�-
ciency can be a�ected by numerous factors such as tissue
nutrient concentration, carbon and nutrient allocation
within the plant, nutrient resorption from leaves before
senescence, residence time of various vegetative parts,
the kinetics of root uptake, nutrient productivity, and
storage of nutrient reserves. Additionally, separate
consideration of nutrient uptake e�ciency, nutrient re-
sponse e�ciency, nutrient use e�ciency, residence time
of nutrients in plants, and nutrient productivity can
yield important insights into the competitive abilities of
di�erent species along fertility gradients (Shaver and
Melillo 1984; McGraw and Chapin 1989; Aerts and de
Caluwe 1994).

As Knops et al. (1997) and Vitousek (1997) funda-
mentally disagreed about the graphical interpretation of
nutrient use e�ciency, it is fruitful to consider this
subject further. They graphed productivity (P) on the
y-axis relative to nutrient uptake by vegetation on the
x-axis, and discussed the biological meaning of linear
models ®tted to these data. However, from Eqs. 1 and 2,
nutrient uptake is a combination of the inverse of
nutrient productivity (A), the inverse of residence time
(Ln), and productivity (P):

Nutrient uptake � gNutrient � yr
gC

� 1
yr
� gC
m2 � yr

� P
NUE

�3�

More simply, we see that the x-axis in the discussion
of Knops et al. (1997) and Vitousek (1997) is the inverse
of nutrient use e�ciency times productivity. Therefore,
the slope of the productivity-nutrient uptake graph is
simply NUE. A linear solution to this graph as discussed
by Knops et al. (1997) and Vitousek (1997) therefore
requires a constant nutrient use e�ciency across a nu-
trient-uptake gradient. This is the only possible inter-
pretation of a linear solution, despite the extensive
arguments expended by Knops et al. (1997) and Vito-
usek (1982, 1984, 1997) to explain the linearity of this
graph. However, the data describing this relationship are
typically nonlinear (cf. Vitousek 1982, 1984; Bridgham
et al. 1995; Knops et al. 1997), and below we develop
the theoretical implications of these nonlinearities. Ad-
ditionally, it is clear from this equation that not only is a
graph of NUE versus nutrient uptake autocorrelated,
but so is a graph of productivity versus nutrient uptake.

Let us now consider graphical approaches for nutri-
ent response e�ciency. By rearrangement of Eq. 2,
productivity at a given level of resource availability
[P(Rav)] can be de®ned as:

PRav
� Rav � P

Rav

� �
� 0 �4�

The explicit addition of zero is not trivial, but makes the
point that nutrient response e�ciency is the slope of a
line from the origin to a given point on a separate
function for P(Rav) that de®nes the relationship between
productivity and nutrient availability (for example, a
Monod function). Note that in Eq. 4 nutrient response
e�ciency changes with nutrient availability; how it
changes depends on the functional response of produc-
tivity to nutrient availability speci®ed by another func-
tion, such as a Monod function. Repeated application of
Eq. 4 to each point on P(Rav) generates a family of lines
between the origin and every point on P(Rav). This is the
tool we need to examine corresponding relationships
between productivity and nutrient availability on the
one hand and nutrient response e�ciency and nutrient
availability on the other hand.

A general theorem of ecosystem nutrient response

We now consider how di�erent functional relationships
between productivity and resource availability determine
the shape of the resource response e�ciency-nutrient
availability curves. From two reasonable biological as-
sumptions, we prove a theorem that resource response
e�ciency is unimodal along a gradient of a limiting re-
source. This is in contrast to Vitousek's original (1982,
1984) ®ndings that nutrient use e�ciency appears to
increase monotonically with declining nutrient avail-
ability, uptake, or circulation in litterfall. We use an
intuitive and graphical approach below, but this theo-
rem is proved in formal mathematical terms in the Ap-
pendix. In our previous paper (Bridgham et al. 1995), we
used a Monod model to demonstrate the behavior of
this theorem, but here we demonstrate that the theorem
holds for any function given two simple assumptions.
The theory also holds for other limiting resources be-
sides nutrients, such as water and light. We also show
that nutrient use e�ciency must follow the same dy-
namics as nutrient response e�ciency at high nutrient
availability (or uptake), but it may or may not follow
dynamics similar to nutrient response e�ciency at low
nutrient availability. Finally, we suggest some statistical
tests of these patterns that avoid the problems of auto-
correlation raised by Knops et al. (1997).

Five di�erent relationships between productivity and
resource availability along with the corresponding rela-
tionship between resource response e�ciency and re-
source availability are shown in Fig. 1. Figure 1a is the
null model, namely that productivity is unrelated to re-
source (nutrient) availability. One might also expect this
for extremely low-nutrient environments, where plants
have a low physiological potential to respond to in-
creased nutrient availability (Chapin et al. 1986). By
applying Eq. 4 to Fig. 1a and mentally drawing lines
from the origin to the horizontal line in Fig. 1a, the
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Fig. 1 a,c,e,g,i Net primary
production (P) as a function of
resource availability (R).
b,d,f,h,j Resource response e�-
ciency (E) as a function of
resource availability. Rmin is the
minimum amount of resource
that will yield positive growth.
a,b Hypothesis: productivity
and resource availability are
unrelated. Resource response
e�ciency increases monotoni-
cally with declining resource
availability. c,d Hypothesis:
productivity increases linearly
with increasing resource avail-
ability. Resource response e�-
ciency is then constant across a
resource availability gradient e,f
Hypothesis: resource response
e�ciency increases linearly with
resource availability, requiring
productivity to increase expo-
nentially. g,h Hypothesis: pro-
ductivity increases with
resource availability to a hori-
zontal asymptote, but with a
positive y-intercept. Resource
response e�ciency then in-
creases monotonically with de-
clining resource availability
i,j Hypothesis: Productivity in-
creases with resource availabil-
ity to a horizontal asymptote,
but there is a minimal resource
availability at which any
production can occur. Resource
response e�ciency is then
unimodal (see Appendix for
proofs). See text for explanation
of lines radiating from the
origin
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reader can see that the slope of Eq. 4 (resource response
e�ciency at a given level of resource availability) will
change as shown in Fig. 1b. If productivity increases
linearly with resource availability (Fig. 1c), then re-
source response e�ciency is constant with increasing
resource availability (Fig. 1d) because the slope of the
functional response in Fig. 1 is the same as the slope of
Eq. 4. Conversely, if resource response e�ciency
increases at a constant rate with increasing resource
availability (Fig. 1f), then productivity increases expo-
nentially with increasing resource availability (Fig. 1e).
If productivity saturates with increasing resource avail-
ability but is positive even at zero resource (i.e., has a
positive y-intercept; Fig. 1g), then we again obtain a
monotonic increase in resource response e�ciency with
declining resource availability (Fig. 1h).

Note that a monotonic increase in resource response
e�ciency with decreasing nutrient availability results
from both a null relationship between productivity and
resource availability (Fig. 1a) and a saturating response
with a positive y-intercept (Fig. 1g). This is the response
inferred by Vitousek (1982, 1984) from his graphs of
litterfall nutrient use e�ciency/nutrient circulation in
litterfall. Thus, a monotonic increase in resource re-
sponse e�ciency with decreasing availability is
ambiguous with respect to the corresponding relation-
ship between productivity and resource availability.
Secondly, both hypotheses are of limited biological in-
terest. Figure 1a is probably only relevant to very
infertile ecosystems composed of plants that are physi-
ologically incapable of responding to increasing nutrient
availability (Chapin et al. 1986), or to ecosystems that
are already nutrient-saturated environments. Further-
more, a positive productivity at zero availability of a
limiting resource (Fig. 1g) makes no sense. The other
cases considered so far (Fig. 1c,e) may re¯ect only a
limiting range of resource availability, and clearly can-
not continue unbounded, otherwise we end up with in-
®nite productivity at in®nite resource availability.

This leaves us with the ®nal case (Fig. 1i,j), which is
general and based on biologically reasonable assump-
tions. Our ®rst assumption is the law of diminishing
returns; i.e., at some ®nite amount of resource avail-
ability, a resource is no longer limiting and further in-
creases in that resource will cause no further increase in
production. This assumption states that the productivi-
ty-resource availability graph in Fig. 1i approaches a
limit of a horizontal asymptote. We do not consider the
case of negative growth at toxic resource concentrations.
The second assumption is that net primary productivity
(P) is zero at some minimum positive resource avail-
ability (Rmin) and that productivity increases if resource
availability is greater than Rmin. In Fig. 1i, this
assumption states that the x-intercept (i.e., Rmin ) must
be positive.

That net growth must be positive and growth incre-
ment must decline with increased availability of a lim-
iting resource (assumption 1) are biologically obvious. It
is also clear that diminishing nutrient response e�ciency

with increasing nutrient availability (or diminishing
nutrient use e�ciency with increasing nutrient uptake)
must lead to a horizontal asymptote for production.

The concept of a minimum positive resource avail-
ability at which net production must be zero (i.e., Rmin in
assumption 2) may not at ®rst seem intuitively obvious.
However, there are many well-known examples of a
minimum resource availability being required before net
growth can begin ± e.g., the photosynthetic compensa-
tion point of light (Larcher 1980). This assumption is
also implicit in the R* theory of Tilman (1982), as well as
the minimal cell quota for algae proposed by Droop
(1973), and has also been demonstrated for tree response
to increased nutrient availability by Mitchell and
Chandler (1939).

We apply Eq. 4 to the productivity-resource avail-
ability relationship in Fig. 1i by drawing lines from the
origin to several key points on the curve. This results in
the corresponding changes in the slope of Eq. 4 (re-
source response e�ciency), which are graphed in Fig. 1j.
There are two important points to be drawn from
Fig. 1j. First, if the two assumptions are met, then re-
source response e�ciency is unimodal along resource
availability gradients. Second, the maximum resource
response e�ciency occurs at the level of resource
availability where a line drawn from the origin is tangent
to the productivity-resource availability function. This
theorem, proved formally in the Appendix, shows
that, so long as the two assumptions are satis®ed, the
growth function P(Rav) requires the corresponding uni-
modal resource response e�ciency function E(R) in
Fig. 1j, regardless of the speci®c function used for
P(Rav).

The shape of the resource response e�ciency function
is also intuitive. It is clear that resource response e�-
ciency at Rmin must be zero because productivity is zero.
At some small increment of resource availability above
Rmin, e�ciency is positive (R1 in Fig. 1j). Therefore, re-
source response e�ciency increases as resource avail-
ability increases from Rmin to R1. The law of diminishing
returns states that the increment of production must also
decrease as resource availability approaches saturation
and becomes non-limiting. Further increments in re-
source availability cause smaller and smaller increases in
production. Therefore, resource response e�ciency must
decrease as resource availability increases near the limit
of the horizontal asymptote of production response
(from R2 to R4 in Fig. 1j). Thus, maximum resource
response e�ciency must occur at some point between
Rmin and some resource level at which plant growth is no
longer limited (Fig. 1j).

Bridgham et al. (1995) veri®ed the patterns of satu-
rating response with positive Rmin (Fig. 1i) and the
corresponding unimodal response e�ciency curves
(Fig. 1j) for litterfall and aboveground net primary
production relative to numerous measures of soil nu-
trient availability, such as total phosphorus, resin-sor-
bed phosphorus, isotopically exchangeable phosphorus,
extractable phosphorus, and nitrogen mineralization.
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These empirical tests were based on data from pocosin
wetlands, old-growth conifer and hardwood forests, and
the data set of Vitousek (1984) on tropical forests aug-
mented with these two other data sets.

Now let us consider the dynamics of resource use
e�ciency along a resource uptake axis. Vitousek (1982,
1984, 1997); Knops et al. (1997); and Bridgham et al.
(1995) considered the resource uptake axis to also rep-
resent a resource availability axis, and all three previ-
ously considered that resource use e�ciency and
resource response e�ciency would have similar dynam-
ics along a resource availability gradient.

Our assumption that the productivity curve along
a resource availability axis must approach a horizon-
tal asymptote at non-limiting resource availability
(Fig. 1g,i) also holds for productivity along a resource
uptake axis. Thus, resource use e�ciency must also de-
crease as non-limiting resource levels are attained in the
environment. In these regions of intermediate to high
resource availability and uptake, our model in Fig. 1i,j
agrees qualitatively with that of Vitousek (1982, 1984).

However, the dynamics of resource use e�ciency at
very low resource availability remain unclear. If resource
uptake must also be zero at zero productivity, then
resource use e�ciency becomes unde®ned if the pro-
duction-resource uptake curve passes through the origin.
However, Red®eld (1958), Droop (1973), Bridgham
et al. (1995) and Elser et al. (1996) suggest that simple
stoichiometric ratios of biologically important molecules
require a minimum amount of each nutrient in speci®c
proportions before a unit of a biologically essential
molecule ± protein for example ± can be made. This
stoichiometry imposes an Rmin at the molecular level
(i.e., the amount of nutrients required for a single
organism to exist). However, productivity at Rmin is
greater than zero because organisms occur in incre-
mental units. Therefore, the production-resource uptake
curve may not pass through the origin but instead must
stop at the smallest unit of production and the corre-
sponding unit of uptake required to produce an organ-
ism.

At this point, without further assumptions, we cannot
derive a unique theoretical foundation for the dynamics
of resource use e�ciency at very low resource avail-
ability, in contrast to our theorem of resource response
e�ciency. Resource use e�ciency could continue to in-
crease with lower resource availability to the limits of the
stoichiometry of biological molecules (Vitousek's model
with a stopping rule), or it could decrease with dimin-
ishing resource availability, similar to resource response
e�ciency as demonstrated here and in Bridgham et al.
(1995).

If resource response e�ciency decreases (the model of
Bridgham and colleagues) and resource use e�ciency
increases (the Vitousek model) at low nutrient avail-
ability, then the mass balance in Eqs. 1 and 2 says that
this must be due to lower resource uptake e�ciency.
There are numerous possible mechanisms for such a
result. Studies have found that microbes are much more

competitive for nutrients than plants at very low nutri-
ent availability (Richardson and Marshall 1986; Wal-
bridge 1991), and the geochemical sorption sink for
phosphorus can be very strong in highly weathered, low-
phosphorus soils. Additionally, the di�usion rate to the
root surface is the rate-limiting step in nutrient uptake
by plants (Chapin 1980), and this would be expected to
become an increasing constraint at low nutrient avail-
ability. Under these conditions, plants would be less
e�ective at competing for the potentially available
nutrient pool.

However, empirical data in Bridgham et al. (1995)
from numerous terrestrial ecosystems suggests that nu-
trient response e�ciency and nutrient use e�ciency both
decrease at very low nutrient availability. This would be
expected if, at low nutrient availability, greater propor-
tions of production were allocated to root and leaf tissue
at the expense of woody tissue. Since wood has low
nutrient concentrations, increased proportional alloca-
tion to leaves and roots under extreme nutrient limita-
tions would automatically decrease nutrient use
e�ciency (Grubb 1989). This mechanism would yield the
same sort of unimodal response of nutrient use e�ciency
along nutrient uptake gradients as demonstrated here
for nutrient response e�ciency along nutrient avail-
ability gradients.

Although the empirical identi®cation of Rmin for
di�erent resources, organisms, and ecosystems poses
experimental challenges, the assumption of a required
Rmin is biologically reasonable and poses no theoretical
di�culties. The potential departure of the behaviors of
nutrient use e�ciency and nutrient response e�ciency
occurs only at extremely low nutrient availability, so
experimental e�orts should focus on such nutrient poor
ecosystems. Nutrient use e�ciency can still follow the
Vitousek model, but this requires additional assump-
tions (i.e., stoichiometric constraints) to bound the
increase in nutrient use e�ciency as nutrient uptake
declines. However, nutrient use e�ciency need not nec-
essarily follow the Vitousek model, and in fact we have
shown that in some cases it does not (Bridgham et al.
1995).

Before moving on to a new implication of our theo-
rem, we wish to suggest appropriate statistical tests for
distinguishing among the di�erent patterns in Fig. 1,
while avoiding the problems of autocorrelation raised by
Knops et al. (1997). Each of the patterns of resource
response e�ciency in the right-hand panels of Fig. 1 is
autocorrelated because P/Rav is plotted against Rav.
Autocorrelation does not mean that they are biologically
uninteresting, only that statistical tests of these patterns
are problematic. However, the productivity-resource
availability relationships are not autocorrelated. There-
fore, one should statistically test the slopes and y-inter-
cepts of empirical relations between productivity and
resource availability to verify one of the various alter-
native hypotheses in the left-hand panels of Fig. 1 and
disprove the rest. Equation 4 and the proofs in the
Appendix rigorously associate each pattern of resource
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response e�ciency with a particular pattern of produc-
tivity along resource availability gradients. The corre-
sponding e�ciency curve on the right-hand panels is
then required. Note that no statistical test need or
should be done on the e�ciency curves in the right-hand
panels. We have argued above that only Fig. 1i,j apply
generally across a broad range of resource availability.
Therefore, although the other hypotheses (Fig. 1a±h)
may be statistically veri®ed within a limited range of
data for resource availability, extrapolation of such
conclusions outside this range leads to problems of
either in®nite production or in®nite resource response
e�ciency and so are biologically ¯awed.

If, however, one wishes to determine how resource
use e�ciency (P/Rac) changes with resource availability,
then one could statistically test directly each of the
curves on the right-hand panels of Fig. 1. In this case,
since there is no autocorrelation between P/Rac and Rav,
such statistical tests would be valid. The corresponding
curves in the left-hand panels would then graph pro-
ductivity against resource availability as a consequence
of the changes in resource use e�ciency along resource
availability gradients. However, in contrast to resource
response e�ciency curves, the left-hand panels are now
autocorrelated, as demonstrated in Eq. 3. Thus, no
statistics should be done on the left-hand panels for re-
source use e�ciency. Furthermore, it is essential that
nutrient availability be measured directly, and nutrient
uptake not be used as its surrogate, to avoid problems
with autocorrelation in examination of nutrient use
e�ciency. Reich et al. (1997) provide an example of such
a test for productivity /litterfall N (N use e�ciency)
against N mineralization (N availability) in hardwood
and conifer stands. Within the range of their data, N use
e�ciency is not correlated with N mineralization (our
Fig. 1d), which then implies that productivity and up-
take increase linearly with increasing N mineralization
(our Fig. 1c), which they also ®nd.

New implications of the nutrient response ef®ciency
theorem

Our resource response e�ciency theorem is logically
consistent with the known response of production to
increasing resource availability. As required by the the-
orem, we have shown examples of ecosystems which are
ine�cient at using nutrients at low nutrient availability
(Bridgham et al. 1995). Nevertheless, such ecosystems
appear to be quite rare. Why is this phenomenon of
declining nutrient response e�ciency at low levels of
nutrient availability so rare, and if it is, could we then
simply dismiss it as a special case?

We suggest that the theorem itself contains the
seeds of an answer if we add an additional assumption
that maximum productivity at high levels of nutrient
saturation is positively correlated with Rmin. That is,
there may be a tradeo� between high productivity at
high levels of nutrient availability and ability to survive

at low levels of nutrient availability. Numerous ex-
amples in the literature suggest that such a tradeo�
happens in both terrestrial (Mitchell and Chandler
1939; Chapin et al. 1986) and aquatic ecosystems
(Droop 1973; Sterner and Hessen 1994) and is associ-
ated with species replacement along nutrient avail-
ability gradients.

Now consider an ecosystem or a species that has a
high productivity at high levels of nutrient availability,
but also has a high Rmin. At a nutrient availability
R<Rmin, this species or ecosystem cannot exist, but
some other species or ecosystem with a lower Rmin could.
Given the correlation between Rmin and maximum
productivity, the two growth curves will cross (Fig. 2a).
Now consider a third species or ecosystem that can
survive at a still lower Rmin but has a lower maximum
productivity than either of the other two species or
ecosystems (Fig. 2a). It is obvious that we can continue
this progression ad in®nitum.

Studies on algal response to nutrient availability
typically use Monod functions for the relationships in
Fig. 2a. The species replacement shown in Fig. 2a and
observed in algal systems (Droop 1973; Sterner and
Hessen 1994) is obtained by decreasing the ratio of

Fig. 2 a Net primary productivity (P) response of four plant species
or ecosystems to change in resource availability (R). It is assumed that
species or ecosystems with higher maximum P have a higher Rmin.
b Resource response e�ciency (E) of these four species or ecosystems
to change in resource availability
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maximum productivity (Pmax) to the half-saturation
constant (kM) of Monod functions.

These prior studies have not framed the problem in
terms of changes in nutrient response e�ciency along
nutrient availability gradients. Our nutrient response
e�ciency theorem allows us to specify the sequence of
e�ciency curves along the nutrient availability gradient
(Fig. 2b) that are consistent with the productivity re-
sponse curves in Fig. 2a. In every case, as nutrient
availability declines, one species or ecosystem that is
most e�cient at higher levels of nutrient availability is
replaced by another that is more e�cient than the pre-
ceding one, or perhaps the preceding one dies because it
cannot physiologically adjust to declining resource re-
sponse e�ciency with increasing resource limitations. If
the switch from one species or ecosystem to another
occurs just below the peak response e�ciency of that
species with greater Rmin, then it would be rare to ®nd
the decline in response e�ciency with decreasing nutri-
ent availability within a given ecosystem or species ± it
would simply be replaced by another, more e�cient one.
It is only for species or ecosystems that can grow at very
low nutrient availabilities that we can detect the lower
decline in nutrient response e�ciency that distinguishes
our model from that of Vitousek.

Again, extremely infertile ecosystems are critical areas
where we should focus our research to further our un-
derstanding of nutrient e�ciency. We demonstrated de-
creasing nutrient response and nutrient use e�ciency with
lower nutrient availability, as well as species and eco-
system replacement, along declining nutrient-availability
gradients in North Carolina peatlands and in Wisconsin
forests (Bridgham et al. 1995). Additionally, we showed
that the nutrient-poor tropical forests included in the
paper of Vitousek (1994) also have decreasing nutrient
use e�ciency with lower nutrient availability.

Vitousek (1982, 1984) has also empirically demon-
strated species or ecosystem replacement along declining
nutrient availability gradients in his model. However,
this is a purely phenomenological ®nding that is not
required by his model ± di�erent species or ecosystems
could also be randomly distributed along the Vitousek
model line or replace one another arbitrarily. With the
additional assumption of a correlation between Rmin and
maximum productivity, it is a logical consequence of our
model and the nutrient response e�ciency theorem
proposed here. Because our theorem uni®es changes in
e�ciency with changes in productivity along nutrient
availability gradients without problems of unbounded
e�ciency at the lower end, and because it predicts that
ecosystems should follow replacement sequences along
nutrient availability gradients, we feel that it is more
fundamental than the original Vitousek (1982, 1984)
model, regardless of the criticisms of Knops et al. (1997)
toward the latter model. It also sets up the testable
hypothesis that the various components of nutrient
e�ciency in ecosystems, as detailed in Eqs. 1±4, may
respond di�erently to changing resource availability
gradients.

Conclusion

We agree with Vitousek (1997) that it is time that the
debate on nutrient use e�ciency progressed past use of
litterfall indices for productivity and nutrient uptake.
There is a great need for empirical studies that quanti-
tatively measure each of the terms in Eqs. 1±4 in a va-
riety of plant species and ecosystems. In a more general
sense, it is paramount that reasonable biological models
be ®t to data and the theoretical implications be un-
derstood in empirical ecosystem studies. Empiricists of-
ten criticize models that are divorced from real world
data, but problems also arise when data are divorced
from theory.
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Appendix

A general theorem of nutrient response e�ciency in relation to
production and nutrient availability

Here we provide two proofs of our theorem. Proof 1 relies on the
assumptions of a minimal resource required before productivity
can begin as well as the assumption of a saturating response of
productivity to increasing resource availability, and uses small
discrete changes in P and R. Proof 2 also relies on the assumption
of a saturating response, but instead replaces the assumption of a
minimal resource availability with the more general assumption
that productivity must decline to zero faster than resource avail-
ability, and uses continuous changes in P and R. Proof 2 is more
general in that it also applies to sigmoidal as well as Monod-type
functions with an Rmin, but both prove that resource response
e�ciency is unimodal along resource availability gradients.

Proof 1

Theorem

For every di�erentiable growth function, P(R), which is continuous in
the interval [0 £ R < ¥] and which satis®es the following two con-
ditions:

A. P(R)>0 for all R>Rmin and P(R)<0 for all R<Rmin,
where Rmin is a minimum positive resource availability and R is a real
number; and

B. lim D P(R)=0 in the interval [Rmin<R<¥], (i.e., the law of
diminishing returns); as R!¥ the corresponding e�ciency function,
E(R) = P(R)/R, increases to a maximum then declines in the in-
terval [Rmin < R < ¥].

Proof

P(Rmin) = 0 by condition A and therefore E(Rmin) = 0. Now
increment R by a small amount DR to produce R1 (Fig. 1i). Then
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P(R1) > P(Rmin) by condition A and E (R1) > 0. Therefore
DE[Rmin,R1] > 0. Now consider some arbitrarily large
R2 = Rmin + dDR, where d is a large integer. Increment d by 1 to
produce R3, then increment d by 2 to produce R4. By condition B,
DP[R2,R3]>DP[R3,R4] and eventually DP! 0 with further increments
to R. However, the denominator (R) of E(R) continues to increase
by a constant amount (DR). Therefore, E(Rmin + nd
DR) > E(Rmin+(n+1)d DR) for some large n. Therefore, DE < 0
in the interval [Rmin + nd DR, Rmin + (n + 1)dDR]. Since
DE[Rmin,R1]

>0 and DE[Rmin + ndDR, Rmin + (n + 1)dDR
]<0, then DE = 0 somewhere in the interval [Rmin, Rmin + (n + 1)
d DR]. E(R) must therefore increase to a maximum and then de-
cline in this same interval. Q.E.D.

Proof 2

Theorem

For every di�erentiable growth function, P(R), which is continuous
in the interval [0 £ R < ¥] and which satis®es the following two
conditions:

A. limR!0 P(R)=0 and P(R)!0 faster than R!0 where R is a
real number; and

B. limR!1 @P
@P= 0 (i.e., the law of diminishing returns);

the corresponding e�ciency function, E(R)=P(R)/R, increases to a
maximum then declines in the interval [Rmin<R<¥].

Proof

Condition A implies that there exists an Rmin > 0 such that
P/Rmin = 0. Condition B implies that P/R!0 as R!¥. For all
intervening R in the interval [Rmin,¥], R > 0 and P > 0, so
P/R > 0. P/R is the resource-dependent slope of the function:

P(R)=(P/R)RáR + 0

which generates a family of lines between the origin and every point
on P(R). Since P/R=0 for Rmin and ¥ and is>0 in the open
interval (Rmin,¥), it must reach a maximum in the closed interval
[Rmin,¥]. Since the slope of P(R) in the above equation increases to
that maximum then decreases in that interval, then by Rolle's
Theorem the change in the slope must be zero somewhere in that
interval. Therefore the change in e�ciency with respect to resource
availability is unimodal. Q.E.D.
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